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1 Introduction

In this class we discuss average-case lower bounds against polynomials over Fy, that
is, to construct an explicit function f such that f has low correlation with any Fo-
polynomials with bounded degree. We want an explicit function since otherwise an
easy counting argument suffices.

The following is an open problem we dream to but are unable to solve.

Open problem. Construct some function f :{0,1}" —{0,1} such that f € NP and
fis (1/n)-hard for any degree-(log n) polynomials for some distribution D over {0, 1}".

Nevertheless, we introduce two results that are not satisfiable enough.

Theorem 1 says that there is an explicit function f such that any degree-((1/4)+/n)
polynomial over Fy has at most 3/4 correlation with f. The degree here is actually
higher than in our dream, but the bound on correlation is quite weak.

Theorem 1 ([Smo87]). Define mods : {0,1}" —={0,1} as

1 zy+as+--+x, =1 (mod 3)

0 otherwise

mods(x) := {

Then, for any degree-((1/4)\/n) polynomial p : F — Fs,
Pr [mods(x) = p(x)] < 7/8.

x~IFy

(Here we naturally identify {0,1} with Fy.)

Theorem 2 says that there is an explicit function f such that any degree-d polyno-
mial over Fy has at most 272(/(42%) with f. Note that this result is only interesting if
d2? < n, which requires d = o(logn). Thus, we achieve a strong bound on correlation,
but the degree is lower than our dream.
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Theorem 2 ([BNS92]). For any degree-d polynomial p over Fa,

1
PI“ [GIPd+1(X> = p(X)] S 5 + 2—Q(n/(d2d))‘

x~Fy

For a recent survey on this topic, see [Vio22, Section 1].

2 High degree but weak bound on correlation

In this section, we prove a correlation bound for degree-O(y/n) polynomials, but the
bound itself is only constant.

Theorem 1 ([Smo87]). Define mods : {0,1}" —={0,1} as

1 zy+a+--+x, =1 (mod 3)
0 otherwise

mods(x) := {

Then, for any degree-((1/4)y/n) polynomial p : T — Fy,

Pr [mods(x) = p(x)] < 7/8.

X~y
(Here we naturally identify {0,1} with Fy.)
Example 3. mods(1000) = mods(1111) = 1, mod3(1010) = mod3(0111) = 0.
The high-level idea of the proof is as follows. Define
X = {2z €{0,1}" : p(x) = mods(x)},

then the goal is to prove that |X| < (7/8) - 2". Intuitively, mods should have a high
degree as an Fo-polynomial, which might mean mods can be used to “simulate” high-
degree polynomials over {0,1}". Since p(z) = mods(x) for x € X, this means maybe
p can be used to “simulate” high-degree Fo-polynomials over X. However, p has a low
degree, which might mean X cannot be too big.

For the proof, we use F4, an extension field of F5, defined as follows.

Definition 4. Let Fy = Fyft]/(t* +t + 1), that is, the field of all Fy-polynomials over
t modulo t* +t+ 1.

Fact 5. F; has 4 elements, namely 0,1,t,t + 1. Any Fo-polynomials of degree at least
2 is equal to one of 0,1,t,t + 1 modulo t> +t + 1.
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Intuitively, to calculate sum or product over F4, we first do the usual calculation for
polynomials over Fy, but we will change any *+2 to t*(¢+1) until there is no monomial
of degree at least 2.

Example 6. t3=¢-t>=t-(t+1)=t*+t=1.
Now we start with the proof of Theorem 1.

Proof of Theorem 1. Without loss of generality, we assume n is a multiple of 3. Then
for x1,z9,..., 2, € {0,1},

mods(1 4+ 1,1+ x9,...,14+z,)=1if x; + 29+ -+ 2, =2 (mod 3). (1)
Define h : {1,t} = Fy, a > t(a + 1). Therefore, h(1) =0 and h(t) =t* +t = 1.
Claim 7. For any y € {1,t}",

Y12 - Yp = L+ (t+Dmods(h(y1), ..., h(yn)) + (£ + Dmods(1 + h(y1), ..., 1+ h(yn<)))
2

Proof of claim. Note that

1 h(y1)+---+h(y,) =1 (mod 3)

{0 otherwise

mod;(h(y1), - -, h(yn)) =

1 (#ien]:yy=t}) =1 (mod 3)

0 otherwise

and by eq. (1),

h(yr) -+ + h(yn) =2 (mod 3)

otherwise

:{1 (#licn):g=t}) =2 (mod3)

mods(1 + h(y1),..., 1+ h(yn))

I
—N
S =

0 otherwise

Therefore,

e When (#{i € [n] : y; = t}) = 0 (mod 3), the left-hand side of eq. (2) equals
3% =1 (since t* = 1), and the right-hand side equals 1+ 0+ 0 = 1.
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e When (#{i € [n] : y; =t}) =1 (mod 3), the left-hand side equals ¢3**1 = ¢ and
the right-hand side equals 1+ (t + 1) + 0 = ¢.

e When (#{i € [n] : y; = t}) = 2 (mod 3), the left-hand side equals 32 = {2,
and the right-hand side equals 1+ 0 + (¢* + 1) = ¢2.
|

Now we get back to the proof of Theorem 1. We fix p to be any polynomial F} — Fy
of degree at most d := ey/n where ¢ = 1/4, and let

0= rr, [p(x) # mods(x)],

then the goal is to prove § > 1/8.
Let p': {1,t}* —F, be

Py, yn) =14+ (E+ 1)p(h(y), - h(yn)) + ( + Dp(1 +h(y1), -, 1+ h(yn)).-

We observe that if p(x) = mods(x) for both = (h(y1),...,h(y,)) and z = (1 +
h(y1),..., 14 h(y,)), then p'(y1,...,yn) = y1 - -y, by Claim 7. Note in addition that
both (h(y1),...,h(y,)) and (14 h(y1),...,1+ h(y,)) are uniformly random in {1,¢}"
when y is uniformly sampled in FZ, so by union bound,

Pr p'(y1,- - ¥n) = Y1 ¥l

yw{l,t}”
>1-— ywﬁrt}n[p(h(yl), s h(ya)) = mody(h(y1), - .. h(ya))]

= Pr (U ). L Blyn) = mods(L+ Ay, 1+ h(y))]
>1—26.

Define S = {y € {1,t}" : y1---yn = P'(¥1,---,Yn)}. We have just showed |S| >
2"(1 — 20).

Consider any f : S —F,;. We can always write f as a multilinear polynomial as
the following;:

n

fyis o oyn) = Z f(alu---van)H(1+h(yi)+h(ai))‘

(al ----- an)e{Lt}n i=1

This is because
L yi=a

1+ h(y:) + h(a;) = {

0 otherwise
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and thus [[}_, (1 + h(y;) + h(a;)) = 1 iff y; = a; for all 7.
We now make the following claim.

Claim 8. For any multilinear monomial M = y;, ---y;, over yi,...,yn € Fy of degree
at least n/2, there exists a polynomial QQ over Fy of degree n/2 + d such that M(y) =
Q(y) for anyy € S.

Proof of claim. Let

QW) =0 u) [ Wit+wi+o).

Since degh = 1 and deg p < d, we have degp’ < d and thus deg Q < n/2+ d.
Note that if y; = 1, then y;(yit +y; +t) = 1(1 +t+1¢) = 1, and if y; = ¢, then
yi(yit +y; + 1) = t(t> + 2t) = t3 = 1. Therefore, for any y € S C {1,¢}",

ie{yjl 77777 yjk}

=Y Yn- H (it +yi +1)
i¢{yj1 """" yjk}

=p (Y1 Yn) - H (yit +yi +1)
z‘¢{yj1 7777 yjk}

= Q(y).
n

Now we apply the above claim to every monomial in f and obtain f’: .S —F, that
is a polynomial over F, of degree n/2 + d such that f'(y) = f(y) for all y € S. There
are |F,|ISl functions f : S — T4, where as the number of possible f’ is at most the
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n/2+d (n
number of degree-(n/2 + d) polynomials over F, which is [Fy|>i=0 (). T herefore,
27(1 — 25) < |S]

<3 ()
szn—1+(d+1)-(”)

n/2
co(05)

1
<2 (5 - 5) . (recall d = ey/n)

It follows that 1 — 2§ < 1/2+ ¢, so when ¢ = 1/4, we have § > 1/8. [

3 Stronger bound on correlation but for low degree

In this section, we prove a non-trivial correlation bound which only works for Fs-
polynomials of degree at most slightly less than logn.

Let IP be the polynomial over Fy such that IP(x) := xyxe + 2324 + - -+ + T 12,.
It can be shown that for any degree-1 polynomial p over Fs,

1 1
XE)IE;[IP(X) =px)] =5+ 575

This motivates defining
GIPg1(z) = 2122 Tgp1 + T2 Toapa + - + Tpa " T,

and trying to show a correlation bound between GIP 41 (z) and any degree-d polyno-
mial. Actually, this is true.

Theorem 2 ([BNS92]). For any degree-d polynomial p over F,
1
Pr [GIP g1 (x) = p(x)] < 5 + 272/,

In the following, sometimes it will be more convenient to consider {1, —1} instead
of {0,1}. For given f : F} —{0, 1}, we will use the notation e(f) := (—1)/. Moreover,
we will use capital letter F' to denote e(f), G for e(g), etc.
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We also denote by deg, the set of all degree-k polynomials F} — F,, and Deg, :=
{e(p) : p € degy}.

For F,G : F§ —{1, —1}, we define Cor[F, G] := | Ex~ry [F'(x) - G(x)]|. Our goal is to
analyse Cor[F, Deg,| := maxpepeg,[F, P]. We would like to relate this to Cor[Q, Deg,_]
for some function @ : F§ —{1, -1}, so that we could do an induction in some sense.

It turns out that it is useful to consider Cor?[-,-]. Actually, we have the following.

Claim 9. Let F : Fy —{1,—1} be an arbitrary function, p : F3 —{0,1} be a degree-d
polynomial and let P := e(p), then
Cor[F, P]* = hIE [Cor[F(z)F(x +h), P(x)P(x + h)||
Proof. We have
CorlF, Pl =] E [F(x)P(x)].
x~Fy

Taking squares on both side, we have

Cor[F, P> = E [F(x)P(x))?

x~Fy

= E [F(x)P(x)] E [F(y)P(y)]

~ £ [FOF&)PRPY)
= E [ E [F(x)F(x+h)P(x)P(x+h)]]. (substituting h=x—1y)

h~Fp x~F7

Here
P(x)P(z 4 h) = e(p(x)) - e(p(x + h)) = e(p(z) + p(z + h)).
A key observation is, for any fixed h, for any polynomial p of degree at most d, p(x) +
p(z + h) has degree at most d — 1. This can be easily proved by considering every
monomial of maximal degree in p. For example, the only monomial of degree d in
(x14+hy) - (xg+hg)is a1+ xq, 80 T2+ - xg+ (X1 +hy) - - - (xg+ hg) has degree d — 1.
Actually, p(z) + p(x + h) = p(z + h) — p(x) can be viewed as a discrete derivative,
also called finite difference, of p, and as in the case of derivatives, after taking the
difference, the degree of the polynomial decreases by 1.
Therefore,
Cor[F, P> = E [Cor[F(z)F(x +h), P(z)P(x + h)]].

h~F?
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In the following we will use the notation F™¥(z) for F'(z + y).
Now we define Gowers uniformity.

Definition 10 (Gowers uniformity). Let F' : Fy —{1,—1}, let k € Z>o. The k-
uniformity of f is defined as

Note that any fixed hq,...,h; define a k-dimensional parallelepiped. So Uy(F)
can be viewed as the average of the product of F' across all of points in a random
parallelepiped “based” at x.

Example 11. Some small k:
o When k=0, Up(F) = Expy [F(x)].
o Whenk =1,
U(F)= E_[FRF™@)]= E_[FRFy) = E [FEP>0.

hy,x~F% x,y~Fy x~IFy

o When k =2,

E _[Fx)F™Mx)Fx)FMex)] = B (UF-F™)] >0
hj,hy ,x~F3 ha~F2

It is easy to see from definition that for any k € Z>,,

Upni[Fl= B [U[F - P,

hy1~ES

so by induction we also have Uy [F] > 0.
Below as an example that is also useful later, we consider k-uniformity of the
function AND.

Lemma 12 ((d + 1)-uniformity of AND). Let f be the AND function, that is,

| o= g =1

0 otherwise

Let F = e(f), then Ug1(F) = 0.6.
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Proof. 1t is easy to see that Uz 1 = 1 — 2p, where
pi= Pr H F*Zi@shj(x) =1
ScCld+1]

If hy,..., hqr1 form a basis of F4*!, then for any fixed z, x + >
all of F$™. Therefore,

jes h; varies over

H Fieshi(x) = —1
SCld+1]

as there is exactly one S C [d + 1] such that FF2jeshi(x) = —1.

On the other hand, if Ay, ..., hqy, does not form a basis of Fi™! then for any
T,y € Fg“, the number of S such that y = = + ZjeS h; is even, since either there is
no such S, or all such S form an affine subspace of dimension at least 1. Therefore,

[ Fraeshx) =1
ScCld+1]

It follows that

p= Pr [hy,..., hy form a basis of F4t]

1 2 4 27
~(=z) (= 5) () (-5)

Also note that k-uniformity is multiplicative, which we can prove immediately from
definition.

Fact 13. Let F\, F5 : Fy —{1, -1}, and define G(x,y) := Fi(z) - F»(y). Then,
Ur(G) = Fi(x) - Fy(y).

We have the following lemma.
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Lemma 14. Let F : Fy —{1,—1} be any function, let p : Fy —TFy be a degree d
polynomial, and let P = e(p). Then,

Cor[F, P] < Ugyy (F)V*
To prove this lemma we need the following two facts.

Fact 15. For any function F : Fy —{1,—1}, Up[F] < U1 [F]V2.

Proof.
Uena[F]= E E [T FoEsest(x) e Eseshothen ()
hy,..., hp~F5 | hypyq,x~F3 Sc[k]
— E . En H F+Zj€shj(x) . En H F+Zj€5hj(y> (y — X—f-hk_H)
hy,..., hkNFQ XNFQ _SC[k‘] | yN]F2 SC[H
- - 12
= E E Fr2jeshi(x
hy, hp~FD | x~F2 Slc—[Ik] ()
> E E | [ FrEex)
BB | xoFY |

The next fact uses the idea in Claim 9.

Fact 16. Let F: Fy —{1,—1} be any function, let p : Fy —Fy be a degree d polynomial,
and let P = e(p). Then,
Ugnr[F - P] = Uaa[F].

Proof. From definition, we have

Ugpa[F - P = E H F*chshf(x) H P+chshj(x)
SCld+1] Scld+1]
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Define py(x) := 3 -gc g P(@ + 22 5 ), then pria(z) = pr(z) + pr(z + hyy1) and
[T Prest 0 = elpr ().
ScCld+1]

As we have observed in Claim 9, for every k we have degpi,i1 < degpr — 1. Since
po = p and thus deg py = d, we have degp; = 0 and thus pg1(x) = 0. Therefore,

H PtEjcshi(x) =0,
ScCld+1]

and thus

Now we prove Lemma 14.

Proof of Lemma 1/. We have observed in Example 11 that for any function G : F§ —{1, —1},
U1|G] = Ex~gg[G(x)]. Therefore, using the above two facts,

ICor[F, P]| = | E [(F-P)(x)]| = U1[F-P]"* < U[F-P]"V* < -+ < Ugr[F-P]Y*"" = Uyt [F]V*'.

x~E3

|
Now we prove Theorem 2.

Proof of Theorem 2. For any degree-d polynomial p over Fy, we have

Cor[GIP g1, 1] < Ugyr (GIPg1)*™  (Lemma 14)

= Ud+1(G(ANDd+1))”/((d+1)2d+1)

< (0.6)™/>"",

(there are n/(d + 1)monomials in GIPg41)
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