
RESOLUTION

Last time he saw

· RES is SOUND a COMPLETE

a tree-RES = Decision tree
refutation

T for f
for solving search

· (DAg) -RES- Prover/Delyel DAgs (or RES-DAgs)-

refutation for solving search-
It for f
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Today:

① Resolution Lower Bounds

② Frege systems



Resolution Lower Bounds via Width

& Width LBs -> Size LBs via restruction argument
or general size-width tradeoff

#
. Width LBS : via expansion of clause-variable graph of



Propositional Pigeonhole Principle

PHPHP)i ,i = n + 1

j = u

--
Hole clauses (one-to-one

~ A (P- (P 5.
G

:

j*z ·
Intractional 5.

⑧ Y
5.



-DesLower Bounds for PHP : Wamp Tree - Resolution

r(n)
show any decision tree for search

pyp
requires size 2

Q : Is this light for tree-like Resolution ?

Naive
·
Pigeo 3

Exercise:

IBo
Show Res DAg (PracDele)
can solve search

im sin gan)

W

ht 0(n) son"-znign
vanact O(n)



Res Lower Bounds for PHP : Wamp Tree-Resolon

Theoremdecision tree solving search
pap

requires zm(n) size

N
&

Provetheorems Prove by induction on m that any decision
tree for Search papul that gives correct answers for all ota's
has size zu

/

↑

P2
,
3 ?

/2
S

- ↳ ⑤ 3

⑧ YC ↑ Anj
5 -

-

m

By induction
left and right
subtrees have ··size ant



RES LOWER BOUNDS FOR PHP (The general Case)

Critical Truth Assignments : not of the n pigeons mapped 11 to the not holes

g

and the leftover pigeon unmapped.&

- this is a -ca since pigeon n unmappeda3

First we will transform RES refutations of PAP

into a nice combinatorial form.



Monotone Transformation of PHP

& t t

I gt ↓ t S# ↓ I t

~

Per ..PParPun"--Pan
(No hole axios)

↑ ↓
·t ↓

t ↓
Monotone pick a hole

- ++ t # #

#
&

Rule : Crow)j
A B C

Lemma Any size-s RES refutation of PHP can be transformed
-

into a monotone refutation of size Os)
,
and vice-versa.



Monotone Transformation of PHP

↑ ↓
·t ↓

t ↓
Monotone pick a hole

- ++ t # #

#
&

Rule : Crow)j
A B C

① convert each clause ② show any RES step in it can be simulated
to monotone clause by monotone rules in

monotone

- -- Example: T
--

=> +

-

↳ ↳ ↑ t

t

+ + + + + + + + + & &

I + + + + + + + ++

I
= F

3

: Suffices to proveLis for monotone refutations



PlayingWith Monotone Refutations

Strate all nx + all + subrectangles causes · - 29

1
.
Remove hole n : generate all (n-1x2

subrectangles on holes 1 ... n e
↓ T

2. Remove hole N : generate all (n-2)x2

subrectangles on Ides 1 ..
n - 2 e + + t

+ + +

i

O

g

M
. Remae hole 2 : generate all 1x a

subrectangles on holes (

n : Remove hole 1 : generate emply relause

es



t
F
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PHP Lower Band FOR MONOTONE REFUTATIONS

orem Any monotone refutation of PHP requires sixe exp((n))

LAM
0

.
AssumeIt is monotone refutation of size s .

&

1
. apply a random restruction p to it so that Tlle

is still a monotone refutation of PHP
,

where n = ocn)
Lemmat

-

Iand width of every clause inTp is small

2.
(Wide Clause Lemma) : Any monotone refutation of PAPU Lemma

requires large molth
. #

M I



Lemma 1 Assume it has size s 2420· Then 11 partial restrictions
-

mapping an pigeons to holes such that width (T1p) = Yo
-

Prost Let + = nY0 · Define a wide clause as one of math =t.-

· Apply a restructionp such that NCTT)/ has moth = t :
P

on average setting a single variable Pij to -
will set = Yo wide clauses to

1.

Pick Pij achieving at least the ang + set it to -
,

↓ set Pij = O Viti
, Prj = O Viti

Left with 195/10 wide clauses.

Repeat iteratively logs times to set all Wide clauses

in NCTD) to
1

.

· left with a sound refutation of PHP of meth < t = Mo
where n = n- 10g3 . 67n

un

En



-

Lemma& (wide clause Lemme for PHP)

Any monitore Res refutation of PHP has width a an
a

Pf Let the complexity of a (montine) clause I be the

minimum number of clauses in PHPH that implies ( on all ota's

Complexity (pigeon-clause) = 1

complexity (final empty clause) = m+

By soundness
,

if
C , 2 -> ↳ then

complexity (3) = complexity (4) +Complexity (2)

: -
*

in MCTT) such that < Complexity (C
*)

we will show : width (CP) = any



mma2 (wide clause Lemme for PHP)

Any monitore Res refutation of PHP has width a an
a

E = complex clause ,
S & Cn +D : min subset of Pigeon clauses that implies (

#A : Vi
,

all icta's satisfy all Pigeon-] clauses jti

· so if its
,

there must exist at leastme icta L

that falsifies C
· and if itS

,

then all ista's satisfy (

Using sensitivityof rort icta's ,
we will argue

math(CP) = -R(nz)



Lemma 2 Any monitore Res refutation of PHP has width a sna&

E = complex clause ,
S & Cn +D : min subset of Pigeon Clauses that implies (

#A : Vi
,

all icta's satisfy all Pigeon-] clauses jti

· so if its
,

there must exist at leastme icta < that falsifies C*

· and if itS
,

then all ista's satisfy
D

- S

Let its
,

a i-cu falsifying : Let jas . Lett be jota obtained from a by
. "

o & "toggling :
o &

jo 8

S : - Go 8

· ol 2:· · ob
:=

400 is 8

E

S



emma2 Any monitore Res refutation of PAP" has width < sin
E = complex clause ,

S & Cn +D : min subset of Pigeon clauses that implies ( Istom
#A : Vi

,
all icta's satisfy all Pigeon-] clauses jti

· so if its
,

there must exist at leastme icta < that falsifies C*

· and if itS
,

then all ista's satisfy
D

- S

Let its
,

a i-cu falsifying : Vies . Letd be jeta obtained from a by
o & "toggling" :

o &

jo 8

Lia · ol
j g 8

Cj : · ob
i=4 8

is 8
⑳

E

= By monotonicity Pe must occur in

=> Running over all jes must contain all vars Poe " - n - m

=> Running over all its must contain N-m) ·n variables + m . (n-m)



emma2 Any monitore Res refutation of PAP" has width < sin
E = complex clause ,

S & Cn +D : min subset of Pigeon clauses that implies ( Istom
#A : Vi

,
all icta's satisfy all Pigeon-] clauses jti

· so if its
,

there must exist at leastme icta < that falsifies C*

· and if itS
,

then all ista's satisfy
D

- S

Let its
,

a i-cu falsifying : Vies . Letd be jeta obtained from a by
&55 %
8

o &

"toggling" :

Lia j g 8

De Cj : · ob

is 8

E

= By monotonicity Pe must occur in

=> Running over all jes must contain all vars Poe " - n - m

=> Running over all its must contain N-m) ·n variables + m . (n-m)



Resolution Lower Bounds

① Width LBs - Size LBs via restruction argument
or general size-width tradeoff

A second
way to reduce size LBs to with LBS :

-

Ben-Sasson-Wigderson SizeWidth Tradeoff for Resolution

Theorem [BWO1] Let F be Unsat KCNE on n vars
. Then

1 Tree-Res-Size (f) = yes-width (1) - 1

gives exparentical
2. Res-size (E)

=M(res-with-
Lower Bounds for manyi

UnsaT formulas

simply by expansion



-ResolutionLower Bounds for random KSPT

Theorem [BWO1] Let F be Unsat KCNE on n vars
. Then

1 Tree-Res-Size (f) = yes-width (1) - 1

2. Res-Size (E)
=M(res-width(F-

- Y(&,n, k) : pick m=1n clauses of width K
.

For 130 sufflarge
,
whp -Flan,

k) UNSAT

40 *

--8x
1

.

For fu(,

4
,k) any Resolution day requires Linear width

&- Follows directly from fact that clause-vanable
& g graph is a good boundary expander whp.&
6

·
2. Ben-Sasson

, Wigderson : Small size -> small width

S logs



Proving Lower Bounds from Expansion

Let F = c
,
~ .. Cm

Left Gt has (5
,
5) - expansion

clause-variable graph If :
if USEL

,
Islan

,
INCU > Sols/

causes
vars

C · X
, Den 9,

has (5
, 5)-boundary expansion

2 sXz
i) VSeL

,
Is En,

&
· x3

/ Auniquembrs in N(s)/ = 5 . 1s/
X

O

8
6

6

8

&

S Yn
me

- R



Proving Lower Bounds from Expansion

Let F = c
,
~ .. Cm

Left Gt has (5
,
5) - expansion

clause-variable graph 9 :
if USEL

,
Islan

,
INCSUS01s/

causes
vars

C · X
, Den 9,

has (5
, 5)-boundary expansion

2 sXz
i) VSeL

,
Is En,

&
· x3

/ Auniquembrs in N(s)/ = 5 . 1s/
X

O

6
8

&am Let I have degreed, expansion
6

8 then be boundary expansion Ged
&

me

S Yn eIsl = b . /sl+b)

- R b = ze - d



Proving Lower Bounds from Expansion

Let F = c
,
~ .. Cm

Laim Let 034
clause-variable graph If :

If 9
,
has (3

,
011) - boundary

causes
vars

expansion ,
then RES-WIDTHCH= (n)

C · X
,

2 sXz
& Let I be first clause in refutation

&
· x3 derived from st initial clauses.X

O

6
8

:C devind from "

6

8
Let S & (m), 15) be clauses

&

· Yn
minimally implying o

m & All boundary vars of EG1 less must
occur in go

->

:By boundary expansion ,
width (6) =M(n)



Resolution Lower Bounds

methods

① Width LBs - Size LBs via restruction argument
or general size-width tradeoff

Width LBS : via expansion of clause-variable graph of F

② Feasible Interpolation -we will discuss

Next class



PERBOUNDS FOR PHPY

o(n2)
0 . PAPM : tree-like Res : 2

Res : 20(n)

Resolution
1

.
The previousLower bound still gives similar lower bound

for the weak PHP
,
PHPm, m = n

2. [Buss-P) show polysize Res refutations of PAPM
,

m-2

[Raz] proves Near matching Res Lower bound

3
.

(Maciel-P - Woods] : quasipoly size Res (polylogn)

(see also Paris - WilkieWoods) refutations of PAP M = 2



⑳as

1
. Are there pape Res(poylogn) refutations of PHP

or polysize Boundeddepth refutations of weak PHP ?

Best Lower bounds : Superpoly for Res(i) ,
PHP

Motivation : Res LBs for "NPXP/poly



Extra Slides (Not covered)



Size S Res Refutations of PHP for numlogS (Bus-

Let Pigeons = (m)
,

holes = (n]

Loop:Divide pigeons (m) into blocks of size logs+

ase1 some block of pigeons maps
to first logs holes.

If so
,

refute in size -S and HALT

CsezOtherwise Let each block of pigeons be a "super-pigeon" P = V Pi
'2j <Block(a)

Each superpigeon maps to one of the last-logs holes

so /superpigeons)=gsI holes n-logs

-

RepeatLoop with mperipigeons,

no logs holea

logS + 1

Y
Jlogs

logS + 1

Y
Jlogs



Size S Res Refutations of PHP foramost
Let Pigeons = (m)

,
holes = (n]

Loop:Divide pigeons (m) into blocks of size logs+

ase1 some block of pigeons maps
to first logs holes.

If so
,

refute in size ~S and HALT

Csez Otherwise Let each block of pigeons be a "super-pigeon" P = V Pi
'2j <Block(a)

Each superpigeon maps to one of the last -logs holes

so /superpigeons)=gs
I holes n-logs

-

RepeatLoop with mperipigeons,

no logs holea

Analysis ; after gs Herations
,

need m2. 0 :

Set Moms

·=
!

setting selogm n-logm so m-2
,

and proof of sie ona



Quasi-poly Size Res(poyluga) Refutations of

PHP l _ ↑

ep1 (Reduce range) Let A = [n2]
,
B = (n)

Partition A inton blocks A
, c ... > An each sizea : originalmappyis

Partition is into 2 block's B
, By each size " An [

Ce1 : Some A
, maps all pigeons in A

,
to B

, 9 S
Then we have injective map g:-

[

e2: Ai some pigeon in A
, maps to B2

Then we have an injective map g from (m) to B

(n) = "superpigeons" Superpigeon Ors = V Finis Dpigeons i in Ar Z "



Quasi-poly Size Res(poylign) Refutations of PHP2 D
#ep1 (Reduce range) Let A = [n2]

,
B = (n)

Partition A inton blocks A
, c ... > An each sizea : originalmappyis

Partition B into I blocks B
, By each size

~

S She s
es : Some A

, maps all pigeons in A, to B, gi
[

e2 : Ai some pigeon in A
: maps to B2 : g : <rpigeons

->

Beis
Step 2 (Amplify pigions n -n2)

Define h : (n] + 1 *] by : h(i) = 1) if 5je (n) St
.
fli) =j and g(j) = k

Ch is injective
, assuming both f,g are injective)

After steps DrG we have gone from injective f : (n] + In) to injective hich] +12]

RepeatSteps D -@ to obtain sequence of injective functions

-+ (n)
,

f: (n -(*]
,
fr : <ne*), ... Gogn : in + (1)

#



Quasi-poly Size Res(poylign) Refutations of PHP2 D
#ep1 (Reduce range) Let A = [n2]

,
B = (n)

Partition A inton blocks A
, c ... > An each sizea i * originalmapis

Partition B into I blocks B
, By each size

·1 : Some A
, maps all pigeons in A to B,gi

A2 : Ai some pignon in &
: maps to Be : & : Surpigeons-Beit

Step 2 (Amplify pigions n -n2)

Define h : (n] + 1 *] by : h(i) = 1) if 5je (n) St
.
fli) =j and g(j) = k

Ch is injective
, assuming both f,g are injective)

complexityoReputationsh "superpigeon" is a poylon-width DNF
,

Size quasiplya
So proof starts with axioms PHP D f)

Step 1 : Derive axioms PHP(g) where vars &j E PollinDN

Step 2 : Derie axioms

PHP (h) (Where vars PoylgnDNF) from PHPUCA)
, PHP (g)


